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Abstract
Recently by us was proposed the model where Einstein’s equation on the brane was connected with
Maxwell’s multi-dimensional equations in pseudo-Euclidean space. Based on this idea unification of 4-
dimensional gravity and electromagnetism in (2+4)-space is found. In this picture photon is massless
in four dimensions and obtains large mass in extra (1+1)-space normal to the brane.
PACS numbers: 04.50.+h, 03.50.De, 98.80.Cq
One of the main ideas of the brane models is that Plank’s scale MPl can be constructed with the
fundamental scale M and the brane width ǫ [1]. In our previous paper [2] it was shown that in the brane
approach Einstein’s equations can be effective as well. Gravitation was connected with the geometry
of the brane embedded in pseudo-Euclidean space, where solutions of 4-dimensional Einstein’s equation
could be constructed with the solutions of multidimensional Maxwell’s equations. This approach is the
inverse to the standard Kaluza-Klein picture, since the vector field is fundamental and gravity is obtained
from the brane geometry. In this direction geometrical unification of different interactions is easier, since
Dirac equation also can be derived from the constrained Yang-Mills Lagrangian [3]. The surface where
Einstein’s equations appear is not necessary to be 4-brane. For example, it can be 5-dimensional space
with exponential warp factor needed to cancel cosmological constant [5]. Embedding of this 5-space into
Euclidean (2+4)-space was found in [6].
The main idea of [2] was based on the fact that any n-dimensional Riemannian space can be em-
bedded into N -dimensional pseudo-Euclidean space with n ≤ N ≤ n(n + 1)/2 [4]. This means that the
multidimensional ’tetrad’ field hAα can be expressed as a derivative of embedded functions
hAα = ∂αφ
A . (1)
Capital Latin letters A,B, . . . numerate coordinates of embedded space, while Greek indices α, β, . . .
numerate coordinates in four dimensions.
The metric of bulk flat space-time (where the brane with arbitrary geometry is embedded) can be
transformed to the Gaussian normal coordinates
ds2 = ηijdx
idxj + gαβ(x
i, xν)dxαdxβ . (2)
Here ηij is the Minkowskian metric of the normal space to the brane and small Latin indices i, j, . . .
numerates extra (N − 4) coordinates. The induced metric on the brane is gαβ(0, xν).
Embedding theory allows us to rewrite Hilbert’s 4-dimensional action in terms of derivatives of the
normal components φi of some multi-dimensional vector
Sg = −M2Pl
∫
R
√−gd4x = ηijM2Pl
∫ (
✷φi✷φj − ∂α∂βφi∂α∂βφj
)√−gd4x , (3)
where ✷ = ∂α∂
α is the 4-dimensional wave operator and g is the determinant in Gaussian coordinates.
In [2] it was shown that to the same form (3) can be transformed Maxwell’s multi-dimensional action
SA = −
1
4
∫
FABF
ABdNX = −1
2
∫
[∂AAB(∂
AAB + ∂BAA)− 2∂AAA∂BAB]dNX , (4)
1
where FAB = ∂AAB − ∂BAA and XA are N-dimensional Cartesian coordinates. For this reduction we
must transform XA to the Gaussian coordinates (2) and insert in (4) the exact solution of Maxwell’s
equations for the brane
Aα =
(
2
πǫ2
)(N−4)/4
M
(N−4)∑
i
exp
[
− (x
i)2
ǫ2
]
∂αφi(xβ) ,
Ai = −
(
2
πǫ2
)(N−4)/4
2Mxi
ǫ2
exp
[
− (x
i)2
ǫ2
]
φi(xβ) . (5)
Then we must integrate (4) by the extra coordinates xi, remove boundary terms and as in [1] put
M2Pl = ǫ
(N−4)M2 . (6)
In the present paper we want to find 4-dimensional unification of gravity and Electro-Magnetism
based on Maxwell’s equations in 6-dimensional pseudo-Euclidean space with the signature (2 + 4).
The (2+4)-space is interest object for investigations. As it was found a long time ago Schwarzschild’s
metric can be embedded in (2+4)-space [7]; also non-linear 15-parameter conformal group can be written
as a linear Lorentz-type transformations there [8]. For compact Kaluza-Klein models (2+4)-space was
studied in [9] and in the context of brane models with non-factorizable geometry in [10].
In our previous paper [2] was considered only possible connection of Einstein’s equations with multi-
dimensional Maxwell’s equation and was not received Maxwell’s equations on the brane. In (5) there
presents only derivatives of φi (which is connected with gravity) and it is clear that Fαβ is zero. Now
we want to insert in (5) also non-integrable part aα(xβ) and identify it with the 4-dimensional vector-
potential. So, in (2+4)-space we wand to rewrite (5) in the form
Aα =
√
2
πǫ2
[
M exp
(
−τ
2
ǫ2
)
∂αφτ (xβ) +M exp
(
−κ
2
ǫ2
)
∂αφκ(xβ) + exp
(
−τ
2 + κ2
ǫ2
)
aα
]
,
Aτ = −
√
2
πǫ2
2Mτ
ǫ2
exp
(
−τ
2
ǫ2
)
φτ (xβ) , (7)
Aκ = −
√
2
πǫ2
2Mκ
ǫ2
exp
(
−κ
2
ǫ2
)
φκ(xβ) ,
where κ and τ are the normal to the brane space-like and time-like coordinates respectively.
Using the anzats (7) Maxwell’s action (4) in (2+4)-space takes the form
SA = −
1
4
∫
FABF
ABd6X =
= −M2ǫ2
∫
R
√−gd4x− 1
2πǫ2
∫
exp
[
−2(τ
2 + κ2)
ǫ2
] [
fαβf
αβ +
4
ǫ4
(τ2 − κ2)aαaα
]√−gd4xdτdκ = (8)
= −
∫ (
M2PlR+
1
4
fαβf
αβ
)√−gd4x ,
where fαβ = ∂αaβ−∂βaα. Latin indices are summing with the 6-dimensional Minkowskian metric tensor
ηAB and Greek indices with the induced on the brane metric tensor gαβ . So, 6-dimensional Maxwell’s
action on the brane is reduced to the 4-dimensional Einstein-Maxwell action. As in [10] the brane is
placed at τ2 = κ2 what means that it moves with the speed of light in transversal (1+1)-space.
In Gaussian coordinates (2) Maxwell’s 6-dimensional equations
∂AF
AB = 0 , (9)
after inserting there the anzats (7) reduces to the system
1√−g∂α(
√−gfαβ)− 4
ǫ4
(τ2 − κ2)aβ = 0 ,
∂αa
α = 0 . (10)
2
One can see that the situation is similar to superconductors. On the brane (τ2 = κ2) photon is massless
and obtains the large mass ∼ 1/ǫ in the direction normal to the brane.
At the end we want to note that even if we don’t want to connect φi with gravity the anzats (7) can
be used for the trapping of photons on the brane in the (2+4)-space.
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